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EXISTENCE AND STABILITY OF STEADY-STATE SOLUTIONS
TO THE QUASI-GEOSTROPHIC EQUATIONS IN R2
MIMI DAI
Abstract. We consider the stationary Quasi-Geostrophic equation in the
whole space R2 driven by a force f . Under certain smallness assumptions
of f , we establish the existence of solutions with finite L2 norm. This solution
is unique among all solutions with finite energy. The unique solution Θ is
also shown to be stable in the sense: any solution of the evolutionary Quasi-
Geostrophic equation driven by f and starting with finite energy, will return
to Θ.
1. Introduction
In this paper we consider the existence and stability of stationary solutions to
the two dimensional active scalar equation
θt ` u ¨∇θ ` κΛαθ “ f,
u “ RKθ,(1.1)
in R2 ˆ p0, T q with T ą 0, where α P r1, 2q, κ ą 0, Λ “ ?´∆ is the Zygmund
operator, and
RKθ “ Λ´1p´B2θ, B1θq.
The scalar function θ represents the potential temperature and the vector function
u represents the fluid velocity. The force f is independent of time. If θt ” 0, (1.1)
reduces to a stationary equation:
U ¨∇Θ` κΛαΘ “ f,
U “ RKΘ.(1.2)
Equation (1.1) with α “ 1 is a fundamental model of the surface quasi-geostrophic
equation (SQG) [7, 25]. It describes the evolution of the surface temperature field
in a rapidly rotating and stably stratified fluid with potential velocity. As pointed
out in [7], this equation attracts interest of scientists and mathematicians due to
two major reasons: it is a fundamental model for the actual geophysical flows with
applications in atmosphere and oceanography study; from the mathematical point
of view, the behavior of strongly nonlinear solutions to (1.1) with κ “ 0, f “ 0
in 2D and the behavior of potentially singular solutions to the Euler’s equation in
3D are strikingly analogous which has been justified both analytically and numeri-
cally. For literature the readers are refereed to [6, 7, 11, 12, 13, 14, 15, 25] and the
references therein.
When α “ 1, equation (1.1) is usually referred as critical SQG, although it is
an open problem whether a dramatic change in the behavior of solutions occurs
for the case of dissipation power less than 1. The global regularity problem of the
1
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critical SQG equation has been very challenging due to the balance of the nonlinear
term and the dissipative term in (1.1). This problem for the unforced critical SQG
is resolved now by Kieslev, Nazarov and Volberg [21], Caffarelli and Vasseur [3],
Kieslev and Nazarov [19, 20] and Constantin and Vicol [10] independently, using
different sophisticated methods.
The long time behaviors of the solutions to the critical SQG equation have been
studied in [5, 8, 9, 16, 18, 24, 26, 27]. Estimates of the decay rates are obtained
for mild solutions, regular solutions and weak solutions in [27, 16], [24], and [26],
respectively. In the forced case in [8], with a special class of time independent force,
the long time average behavior of viscosity solutions has been addressed and the
absence of anomalous dissipation was obtained. In [18], the authors proved that
the linear instability implies the nonlinear instability in the energy norm in the
periodic setting (on domain T2). Recently, Constantin, Tarfulea and Vicol [9] and
Cheskidov and Dai [5] proved the existence of a compact global attractor in H1pT2q
and L2pT2q, respectively, with different assumptions on f . In particular, in [5], the
assumption is that f is solely in LppT2q for some p ą 2. A crucial estimate is that
any initial data θ0 P L2pT2q yields weak (viscosity) solutions with bounded norm in
L8, by using the De Giorgi iteration method. We point out that the boundedness
in L8 also plays an important rule in the stability analysis of the current paper.
In this paper, we study the existence and uniqueness of solutions to (1.2) with
finite energy (L2 norm) in the whole space R2, and the nonlinear stability of such
solution. On a domain where the Poincare´’s type of inequality holds it is expected
that the steady state has finite L2 norm; and when the force is small, any evo-
lutionary solution with finite L2 norm converges to the unique steady state. But
the Poincare´’s type of inequality is not available in the whole space R2, where the
situation is more delicate. Thus techniques other than the standard energy method
are applied to study these problems. To establish the existence of solutions to (1.2)
with finite energy, inspired by the work of Bjorland and Schonbek [2] for Navier-
Stokes equation, we make use of the fact: if Φpt, xq is a fundamental solution for the
operator Bt ` Λα “ 0, then
ş8
0
Φpt, ¨qdt is a fundamental solution for the operator
Λα “ 0. Therefore, the L2 estimate of the steady state may be obtained through
the fast decay estimates of solutions to the corresponding evolutionary equation.
In the mean time, the Fourier splitting method (see [28, 29]) is at hand to estab-
lish the decay estimates of the evolutionary solutions in the whole space R2. Once
the finite energy estimate holds, the smallness assumption on the force yields the
uniqueness of the steady state. To study the stability of the steady state, we com-
bine the method of generalized energy estimates for low and high frequency parts
of the solutions and the Fourier splitting method.
In contrast to the NSE as studied in [2], the SQG equation (1.1) has a weaker
dissipative term Λα with α P r1, 2q. This presents a serious obstacle to establish the
stability of the steady state. However, thanks to the fact that a viscosity solution
is bounded in L8 (see [4, 5]), this difficulty can be overcome. Thus, the stability is
obtained in the sense: viscosity solutions of (1.1) converge to the steady state Θ.
Before stating the main results, we first recall the definitions of weak solution
and viscosity solution.
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Definition 1.1. A weak solution to (1.1) is a function θ P Cwpr0, T s;L2pR2qq
satisfying that , for any φ P C80 pR2 ˆ p0, T qq,
´
ż T
0
pθ, φtq dt´
ż T
0
puθ,∇φq dt` κ
ż T
0
pΛ 12 θ,Λ 12φq dt “ pθ0, φpx, 0qq `
ż T
0
pf, φq dt.
Definition 1.2. A weak solution θptq of (1.1) on r0, T s is called a viscosity solution
if there exist sequences ǫn Ñ 0 and θnptq satisfying
Bθn
Bt ` un ¨∇θn ` κΛ
αθn ` ǫn∆θn “ f,
un “ RKθn,
(1.3)
such that θn Ñ θ in Cwpr0, T s;L2q.
Standard arguments imply that for any initial data θ0 P L2 there exists a viscosity
solution θptq of (1.1) with α “ 1 on r0,8q with θp0q “ θ0 (see [12], for example).
The same result holds for the subcritical SQG equation with 1 ă α ă 2. It was
proved in [4, 5] that a viscosity solution to (1.1) is bounded in L8 provided f P Lp
for some p ą 2
α
. With this auxiliary estimate in L8, we are able to prove the
nonlinear stability of the steady state Θ.
The main results for the critical SQG (α “ 1) and the subcritical SQG with
α P p1, 2q are stated separately as follows.
Theorem 1.3. Suppose f P X “W 12 ,4 X L8 satisfy the assumption:
(A) fˆpξq “ 0 for almost every |ξ| ă ρ0, for some constant ρ0 ą 0.
Then there exist a constant M ą 0 and a constant Cpρ0, κ,Mq so that if }f}X ď
Cpρ0, κ,Mq, system (1.2) with α “ 1 has a weak solution Θ P H 12 , in the sense
that for any φ P V,
´ pUΘ,∇φq ` κpΛ 12U,Λ 12Θq “ pf, φq.
which satisfies
(1.4) }Θ}2 ďM, }Λ 12Θ}2 ď κ´1}f}X.
Moreover, this solution is unique among all solutions satisfying (1.4).
Theorem 1.4. There exists a constant Cpκq such that if }f}X ď Cpκq, the steady
state Θ obtained in Theorem 1.3 is nonlinearly stable in the sense: let w0 P L2 and
θ be a viscosity solution of (1.1) with α “ 1 and initial data θ0 “ w0 ` Θ which
satisfies, for any T ą 0,
θ P L8p0, T ;L2q X L2p0, T ; 9H 12 q
then
lim
tÑ8
}θptq ´Θ}2 “ 0.
Remark 1.5. The constant Cpκq in Theorem 1.4 may be even smaller than the
constant Cpρ0, κ,Mq in Theorem 1.3. The smallness of }f}X ď Cpκq will imply
the smallness of Θ in H1 by Lemma 3.7. It is not known whether the smallness
assumption on the force in Theorem 1.3 or Theorem 1.4 can be removed or not. To
apply the techniques presented in this paper, the smallness assumption is crucial.
It is also worth to mention that after the work of [2], the authors and their collab-
orators proved the stability of the steady state of 3D NSE with rougher external
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force in [1]. Namely, the assumption (A) was relaxed, but the smallness of f was
still required.
In the subcritical case α P p1, 2q, we establish that:
Theorem 1.6. Let α P p1, 2q. Suppose f P X “ W 1´α2 ,4 X L 4α´1 satisfying the
assumption A. Then there exist a constantM ą 0 and another constant Cpρ0, κ,Mq
so that if }f}X ď Cpρ0, κ,Mq the following hold:
(i) System (1.2) has a weak solution Θ, in the sense that for any φ P V,
´ pUΘ,∇φq ` κpΛα2 Θ,Λα2 φq “ pf, φq.
And Θ P H α2 , with
}Θ}2 ďM, }Λα2 Θ}2 ď κ´1}f}X .
Moreover, this solution is unique among all solutions with finite norm in L2.
(ii) The steady state Θ is nonlinearly stable in the sense: let w0 P L2 and θ be a
viscosity solution of the SQG equation (1.1) with initial data θ0 “ w0 ` Θ which
satisfies, for any T ą 0,
θ P L8p0, T ;L2q X L2p0, T ; 9H α2 q
then
lim
tÑ8
}θptq ´Θ}2 “ 0.
In these theorems and through the paper, we adopt the notations, } ¨ }p “ } ¨ }Lp,
pf, gq “ ş
R2
fgdx and V “ tφ P C80 |∇ ¨ φ “ 0u.
We shall prove the results for the critical SQG (α “ 1), that is, Theorem 1.3 and
Theorem 1.4. For the subcritical SQG with α P p1, 2q, a similar analysis scheme
with slight modification will yield the analogous result. Thus the proof of Theorem
1.6 will be omitted.
The paper is organized as follows: in section 2 we introduce the proof scheme and
give some preliminary estimates; section 3 is devoted to the proof of the existence
of steady state with finite energy, that is, Theorem 1.3; and section 4 is devoted to
the proof of the stability of the steady state, that is, Theorem 1.4.
2. Preliminaries
2.1. Outline of the analysis scheme. The nontrivial part in the study of the
stationary equation (1.2) is to establish }Θ}2 ăM due to the fact that a Poincare´
type of inequality is not available in the whole space R2. Inspired by the work
of [2] for the Navier-Stokes equation, we plan to achieve the goal in the following.
Consider
Bθ˜
Bt ` U ¨∇θ˜ ` κΛ
αθ˜ “ 0
θ˜p0q “ f, U “ RKΘ.
(2.5)
Formally, if θ˜ solves (2.5), Θ˜ “ ş8
0
θ˜ptqdt solves
U ¨∇Θ˜ ` κΛαΘ˜ “ f
U “ RKΘ.(2.6)
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Since this equation is linear for a fixed U , solutions are unique and hence Θ˜ “ Θ.
Due to the integral Minkowski’s inequality,
}Θ}2 “ }
ż 8
0
θ˜ptqdt}2 ď
ż 8
0
}θ˜ptq}2dt,
one can see Θ P L2 if }θ˜ptq}2 ď Cp1`tq´γ with γ ą 1. Thus it is crucial to establish
fast decay for θ˜ which will be addressed in Section 3.
2.2. Estimates on the operator Λ. We recall some standard estimates which
will be used often through the paper.
Lemma 2.1. Let Φptq “ e´κtΛαf . If f satisfies Assumption (A), then
}ΛνΦptq}p ď e´κρ
α
0
t}Λνf}p
for any 1 ď p ď 8 and ν ě 0, where we adopt the convention Λ0v ” v.
For a proof of Lemma 2.1, see [2].
Lemma 2.2. [23](Sobolev type inequality) Let 2 ă p ă 8 and ν “ 1 ´ 2
p
. There
exists a constant C ě 0 such that if v P S 1 and vˆ is a function, then
}v}p ď C}Λνv}2.
Lemma 2.3. Let 1 ă p ă 8. There exists a constant Cp depending only on p such
that
}Λνuptq}p ď Cp}Λνθptq}p
for all ν ě 0, t ě 0.
3. Existence of Steady State with Finite L2 Norm
As outlined in Section 2, the fast decay of solution θ˜ to (2.5) as }θ˜ptq}2 ď Cp1`
tq´γ with γ ą 1 plays an important rule. Due to a result in [11], the best decay
one can expect for the critical case is that (since U does not decay, it is worse than
the real SQG in decay rate)
}θ˜ptq}2 ď Cp1` tq´1
through a standard Fourier splitting method (c.f. [28, 29]), where the initial data
prevents a faster decay. To obtain a faster decay, we measure the difference
β “ θ˜ ´ Φ
with Φ “ e´κtΛαf , and β satisfies
βt ` U ¨∇β ` κΛαβ “ ´U ¨∇Φ
βp0q “ 0, U “ RKΘ.(3.7)
We expect that }βptq}2 decays as p1 ` tq´ 2α (see the proof for α “ 1 in Section 3).
By assumption (A), the decay of Φ is fast enough such that θ˜ will decay as fast as
β.
We first study the solutions for the two sequences of approximating equations:
U i ¨∇Θi`1 ` κΛΘi`1 “ f
U i “ RKΘi,(3.8)
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βi`1t ` U i ¨∇βi`1 ` κΛβi`1 “ ´U i ¨∇Φ
βi`1p0q “ 0, U i “ RKΘi.(3.9)
For a fixed function U i P H 12 , we solve the two systems recursively to find ap-
proximating solutions for (1.2) and (3.7) with α “ 1. With uniform estimates on
the approximating solutions, the convergence procedure will yield the estimate of
}Θ}2 ăM .
3.1. Existence of Solutions to the Approximating Systems.
Lemma 3.1. Let U i P H 12 and f P X. There exists a unique weak solution Θi`1
to (3.8) in the sense that for any φ P V,
(3.10) pU iΘi`1,∇φq ` κpΛ 12Θi`1,Λ 12φq “ pf, φq.
Moreover, this solution satisfies
(3.11) }Λ 12Θi`1}2 ď Cκ´1}f}X .
For the linear equation (3.8), a standard Galerkin method gives the existence of
solutions Θi`1 which satisfy
κ
ż
R2
|Λ 12Θi`1|2dx ď
ż
R2
fΘi`1dx ď C}Λ´ 12 f}2}Λ 12Θi`1}2
with an absolute constant C.
Lemma 3.2. Let U i P H 12 with
(3.12) }Λ 12U i}2 ď Cκ´1}f}X
and f satisfy assumption A. There exists a unique weak solution βi`1 P L8pR`, L2qX
L2pR`, 9H 12 q to (3.9) in the sense that for any φ P C1pR`;Vq,
´pβi`1, φtq ´ pU iβi`1,∇φq ` κpΛ 12 βi`1,Λ 12φq
“ ´pU i ¨∇Φ, φq
βi`1px, 0q “ 0, U i “ RKΘi.
Moreover, it satisfies
(3.13) sup
tą0
ˆ
}βi`1ptq}22 ` κ
ż t
0
}Λ 12 βi`1psq}22ds
˙
ď Cρ´10 κ´4}f}4X .
Proof: Applying Galerkin method yields a sequence of approximating smooth
solutions βi`1m which satisfy
1
2
d
dt
ż
R2
|βi`1m |2dx` κ
ż
R2
|Λ 12 βi`1m |2dx
“ ´
ż
R2
pU i ¨∇Φqβi`1m dx
ď C
κ
}Λ 12 pU iΦq}22 `
κ
2
}Λ 12βi`1m }22.
It follows
(3.14)
d
dt
ż
R2
|βi`1m |2dx` κ
ż
R2
|Λ 12βi`1m |2dx ď
C
κ
}Λ 12 pU iΦq}22.
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Applying the Ho¨lder inequality and Lemma 2.1, we have
}Λ 12 pU iΦq}22 ď C}Λ
1
2U iΦ}22 ` C}U iΛ
1
2Φ}22
ď C}Λ 12U i}22}Φ}28 ` C}U i}24}Λ
1
2Φ}24
ď C}Λ 12U i}22}Φ}28 ` C}Λ
1
2U i}22}Λ
1
2Φ}24
ď Cκ´2e´2κρ0t
´
}f}28 ` }Λ
1
2 f}24
¯
}f}2X .
Integrating over the time interval r0, ts for (3.14) yieldsż
R2
|βi`1m ptq|2dx` κ
ż t
0
ż
R2
|Λ 12βi`1m |2dx ď Cκ´3}f}4X
ż t
0
e´2κρ0sds
ď Cρ´10 κ´4}f}4X .
The inequality (3.13) follows by taking the limit mÑ8.
l
3.2. Decay of βi. In this subsection we establish the decay for βi by using the
Fourier Splitting method. The rigorous proof can be carried through by working
on a sequence of the Galerkin approximating solutions to (3.9). To be abbreviate,
we work on the regular solutions in a formal way.
Lemma 3.3. Let βi`1 be the solution of (3.9) given by Lemma 3.2. The following
estimate holds
(3.15) }βi`1ptq}22 ď Cpρ0, κq}U i}42}f}4Xp1` tq´4
with the constant Cpρ0, κq depending on ρ0 and κ.
Proof: The first step is to establish
(3.16) |βˆi`1ptq| ď C|ξ|}U i}2
ˆż t
0
}βi`1}2psqds` ρ´10 κ´1}f}2
˙
.
Indeed, taking Fourier transform of (3.9) yields
βˆi`1t ` κ|iξ|βˆi`1 “ ´
`
FpU i ¨∇βi`1q ` FpU i ¨∇Φq˘ .
Since βi`1p0q “ 0, we have
βˆi`1 “ ´
ż t
0
e´κ|ξ|pt´sq
`
FpU i ¨∇βi`1q ` FpU i ¨∇Φq˘ psqds.
Due to the fact that ∇ ¨ U i “ 0, it follows by the Young’s inequality and the
Plancherel theorem
|βˆi`1| ď C|ξ|
ż t
0
|FpU iβi`1qpsq| ` |FpU iΦqpsq|ds
ď C|ξ|
ż t
0
}pU iβi`1qpsq}L1 ` }pU iΦqpsq}L1ds
ď C|ξ|}U i}2
ż t
0
}βi`1psq}2 ` }Φpsq}2ds
ď C|ξ|}U i}2
ż t
0
}βi`1psq}2 ` e´κρ0s}f}2ds
ď C|ξ|}U i}2
ˆż t
0
}βi`1}2psqds` ρ´10 κ´1}f}2
˙
.
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Then we claim that, for any l ą 5, βi`1 satisfies
d
dt
“p1` tql}βi`1}22‰
ď Cpl, ρ0, κqp1 ` tql´5}U i}22
ˆż t
0
}βi`1psq}2ds` }f}2
˙2
` Cκ´3}f}2X
´
}Φ}28 ` }Λ
1
2Φ}24
¯
p1` tql,
(3.17)
with the constant Cpl, ρ0, κq “ Cκp lκq5p1` ρ´10 κ´1q2 for an absolute constant C.
In order to prove it, multiplying (3.9) by βi`1 and integrating over R2 yields
d
dt
}βi`1}22 ` κ}Λ
1
2βi`1}22 ď Cκ´1
´
}Λ 12U i}22}Φ}28 ` }Λ
1
2U i}22}Λ
1
2Φ}24
¯
(3.18)
ď Cκ´3}f}2X
´
}Φ}28 ` }Λ
1
2Φ}24
¯
.
Denote Sptq as a sphere in R2 with center at the origin and radius Rptq “ l
κ
p1`tq´1.
We decompose the viscous term in frequency space into two parts, corresponding to
Sptq and its complementary Sptqc, respectively. Applying the Plancherel theorem
yields
´κ}Λ 12βi`1}22 ď ´κ
ż
Sptqc
|ξ||βˆi`1|2dξ
ď ´κR
ż
Sptqc
|βˆi`1|2dξ
ď ´κR}βˆi`1}22 ` κR
ż
Sptq
|βˆi`1|2dξ.
Combining (3.18) and the last inequality it follows that
d
dt
}βi`1}22 ` κR}βi`1}22 ď κR
ż
Sptq
|βˆi`1|2dξ ` Cκ´3}f}2X
´
}Φ}28 ` }Λ
1
2Φ}24
¯
.
By (3.16) we haveż
Sptq
|βˆi`1|2dξ ď C}U i}22
ˆż t
0
}βi`1psq}2ds` ρ´10 κ´1}f}2
˙2 ż
Sptq
|ξ|2dξ
ď C}U i}22p1 ` ρ´10 κ´1q2
ˆż t
0
}βi`1psq}2ds` }f}2
˙2
R4.
Thus,
d
dt
}βi`1}22 ` κR}βi`1}22 ď Cκ}U i}22p1 ` ρ´10 κ´1q2
ˆż t
0
}βi`1psq}2ds` }f}2
˙2
R5
` Cκ´3}f}2X
´
}Φ}28 ` }Λ
1
2Φ}24
¯
Multiplying the last inequality by the time factor p1` tql, it follows
d
dt
“p1` tql}βi`1}22‰ ď Cpl, ρ0, κq}U i}22p1` tql´5 ˆż t
0
}βi`1psq}2ds` }f}2
˙2
` Cκ´3}f}2X
´
}Φ}28 ` }Λ
1
2Φ}24
¯
p1 ` tql
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with Cpl, ρ0, κq “ Cκp lκ q5p1`ρ´10 κ´1q2 for an absolute constant C, which concludes
the argument of the claim.
Combining (3.13) and (3.17) and using the fact }f}2 ď }f}X yields
d
dt
“p1 ` tql}βi`1}22‰
ď Cpl, ρ0, κqp1` tql´5}U i}22
´
tρ
´ 1
2
0 κ
´2}f}2X ` }f}2
¯2
` Cκ´3}f}2X
´
}Φ}28 ` }Λ
1
2Φ}24
¯
p1 ` tql
ď Cpl, ρ0, κq}U i}22
`
1` }f}2X
˘ }f}2Xp1 ` tql´3
` Cκ´3}f}2X
´
}Φ}28 ` }Λ
1
2Φ}24
¯
p1 ` tql.
Integrating in time and applying Lemma 2.1, it follows that
p1` tql}βi`1ptq}22
ď Cpl, ρ0, κq}U i}22
`
1` }f}2X
˘ }f}2X ż t
0
p1` sql´3ds
` Cκ´3}f}2X
ż t
0
´
}Φpsq}28 ` }Λ
1
2Φpsq}24
¯
p1 ` sqlds
ď Cpl, ρ0, κq}U i}22
`
1` }f}2X
˘ }f}2X “p1` tql´2 ´ 1‰
` Cκ´3}f}2X
´
}f}28 ` }Λ
1
2 f}24
¯ż t
0
e´2κρ0sp1` sqlds.
One can verify that ż t
0
e´2κρ0sp1` sql ds „ p1` tqle´2κρ0t
which is bounded for all t ą 0 since l, ρ0, κ ą 0. It infers
Cκ´3}f}2X
´
}f}28 ` }Λ
1
2 f}24
¯ż t
0
e´2κρ0sp1` sqlds ď Cpl, ρ0, κq}f}4X .
Thus, we obtain the preliminary decay estimate
(3.19) }βi`1ptq}22 ď Cpl, ρ0, κq}U i}22
`
1` }f}2X
˘ }f}2Xp1` tq´2.
Combining (3.17) and (3.19), we repeat the procedure as above and obtain that
}βi`1ptq}22 ď Cpl, ρ0, κq}U i}42}f}4Xp1` tq´4.
l
3.3. Proof of Θi`1 “ ş8
0
θ˜i`1dt solving (3.8). As pointed out in Section 2, for-
mally Θi`1 “ ş8
0
θ˜i`1dt solves the approximating system (3.8) with θ˜i`1 “ βi`1`Φ.
In this subsection, we prove this statement rigorously and show that Θi`1 is uni-
formly bounded in L2.
Lemma 3.4. Let βi`1 be the solution of (3.9) given by Theorem 3.2. Then it
satisfies
ş8
0
θ˜i`1ptqdt “ ş8
0
pβi`1 ` Φqdt P L2. As a consequence, ş8
0
θ˜i`1ptqdt is
finite a.e. in R2.
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Proof: For each i we define the sequence
 
Θi`1n
(
as
Θi`1n “
ż n
0
θ˜i`1ptqdt.
We have Θi`1n P L2 since θ˜i`1ptq P L2 for almost every t by Lemma 3.2. Applying
Minkowski’s inequality, Lemma 2.1 and (3.15) yields
}Θi`1n }2 ď
ż n
0
}θ˜i`1ptq}2dt
ď
ż n
0
}βi`1ptq}2dt`
ż n
0
}Φptq}2dt
ď Cpρ0, κq}U i}22}f}2X ` }f}X .
Similarly, the Minkowski’s inequality implies
}Θi`1n`1 ´Θi`1n }2 ď
ż n`1
n
}θ˜i`1ptq}2dt.
It is known that
ş8
0
}θ˜i`1ptq}2dt is finite by Lemmas 2.1 and 3.3. Thus,ż n`1
n
}θ˜i`1ptq}2dtÑ 0 as nÑ8.
We infer that the sequence
 
Θi`1n
(
is Cauchy in L2 and hence it converges to a
limit
ş8
0
θ˜i`1ptqdt P L2.
l
Lemma 3.5. We have Θi`1 “ ş8
0
θ˜i`1ptqdt, that is, ş8
0
θ˜i`1ptqdt solves (3.8) with
U i satisfying (3.12) and f satisfying the assumption A.
Proof: Multiplying (3.9) by φ P V , integrating over space and time, we infer
that from βi`1 “ θ˜i`1 ´ Φż n
0
ˆ
d
dt
pθ˜i`1ptq, φq ` pΛ 12 pU iθ˜i`1q,Λ 12φq
˙
dt “ ´κ
ż n
0
pΛ 12 θ˜i`1,Λ 12φqdt.
Noticing that θ˜i`1p0q “ βi`1p0q´Φp0q “ f , exchanging the order of the integration
yields
(3.20) pθ˜i`1pnq, φq ` pΛ 12 pU iΘi`1n q,Λ
1
2φq “ ´κpΛ 12Θi`1n ,Λ
1
2φq ` pf, φq.
Since θ˜i`1pnq “ βi`1pnq `Φpnq, it follows that the first term on the left hand side
tends to 0 as n Ñ 8 by (3.15). On the other hand, denote Θ˜i`1 “ ş8
0
θ˜i`1ptqdt,
and we have
|pΛ 12 rU ipΘi`1n ´ Θ˜i`1qs,Λ
1
2φq| ď C}U i}4}Θi`1n ´ Θ˜i`1}2}∇φ}4
ď C}Λ 12U i}2}Θi`1n ´ Θ˜i`1}2}∇φ}4
|pΛ 12 pΘi`1n ´ Θ˜i`1q,Λ
1
2φq| ď C}Θi`1n ´ Θ˜i`1}2}Λφ}2.
Lemma 3.4 implies that the sequence
 
Θi`1n
(
converges strongly to Θ˜i`1 “ ş8
0
θ˜i`1ptqdt
in L2. Thus, we conclude from the last two inequalities that
|pU i ¨∇pΘi`1n ´ Θ˜i`1q, φq| Ñ 0, nÑ8
|pΛ 12 pΘi`1n ´ Θ˜i`1q,Λ
1
2φq| Ñ 0, nÑ 8.
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Therefore taking the limit n Ñ 8 in (3.20) yields that Θ˜i`1 is a weak solution of
(3.8). The uniqueness in Lemma 3.1 implies Θ˜i`1 “ Θi`1, which completes the
proof of the lemma.
l
3.4. Finishing the proof of Theorem 1.3. In this subsection we show that the
approximating solutions Θi to (3.8) converge to a limit function Θ which solves the
stationary equation (1.2) with certain smallness assumptions on f . Additionally,
we establish a uniqueness result in the sense stated in Theorem 1.3.
Lemma 3.6. Let Θi`1 be the solution of (3.8) given by Theorem 3.1 with U i
and f satisfying the assumptions of the theorem. Let M ą 0 be a constant such
that }U i}2 ď M . Then there exists a constant Cpρ0, κ,Mq such that if }f}X ď
Cpρ0, κ,Mq then }Θi`1}2 ďM .
Proof: By Lemma 3.5, Lemma 2.1 and (3.15) we infer that
}Θi`1}2 ď
ż 8
0
}θi`1ptq}2dt(3.21)
ď
ż 8
0
}βi`1ptq}2dt`
ż 8
0
}Φptq}2dt
ď Cpρ0, κq}U i}22}f}2X ` }f}X
Take M satisfying the quadratic equation
Cpρ0, κqM2Z2 ` Z “M
with a positive root Z “ ´1`
?
1`4Cpρ0,κqM3
2Cpρ0,κqM2
“: Cpρ0, κ,Mq. It follows from (3.21)
that if }f}X ď Cpρ0, κ,Mq, then }Θi`1}2 ď M . By the boundedness of Riesz
transform on L2, it follows that }U i`1}2 ďM .
l
The following lemma establishes the estimates for higher order derivatives of the
sequence Θi`1.
Lemma 3.7. Let Θi`1 be the solution of (3.8) given by Lemma 3.1 with U i and f
satisfying the assumptions of the lemma. Assume additionally that Θi P H 32 with
(3.22) }ΛΘi}2 ď Cκ´1}f}X , }Λ 32Θi}2 ď Cκ´1}f}X .
Then there exists a constant Cpκ,Mq such that if }f}X ď Cpκ,Mq then Θi`1 P H 32
satisfying
}ΛΘi`1}2 ď Cκ´1}f}X , }Λ 32Θi`1}2 ď Cκ´1}f}X .
The constant Cpκ,Mq depends on κ and M .
Proof: Formally, multiplying (3.8) by ΛΘi`1 (to make it rigorous we can use
the Galerkin approximating solutions as test function here) yields
κ}ΛΘi`1}22 “ ´pU i ¨∇Θi`1,ΛΘi`1q ` pf,ΛΘi`1q
ď }U i}8}ΛΘi`1}22 ` Cκ´1}f}22 `
κ
4
}ΛΘi`1}22.
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Followed from the classical Gagliardo-Nirenberg inequalities [17] by complex inter-
polation (see also [22]), and by the boundedness of Riesz transform we have
}U i}8 ď C}Λ 32U i}
2
3
2 }U i}
1
3
2(3.23)
ď C}Λ 32Θi} 232 }Θi}
1
3
2 .
Combining the last two inequalities, the assumption (3.22) and Lemma 3.6 gives
that
}ΛΘi`1}22 ď Cκ´1}Λ
3
2Θi} 232 }Θi}
1
3
2 }ΛΘi`1}22 ` Cκ´2}f}22
ď Cκ´ 53M 13 }f} 23X}ΛΘi`1}22 ` Cκ´2}f}22.
We choose Cpκ,Mq such that }f}X ď Cpκ,Mq and Cκ´ 53M 13 }f}
2
3
X ď 1{2. Thus,
}ΛΘi`1}22 ď Cκ´2}f}22.
Similarly, we multiply (3.8) formally by Λ2Θi`1 and infer that
κ}Λ 32Θi`1}22 “ ´pU i ¨∇Θi`1,Λ2Θi`1q ` pf,Λ2Θi`1q
ď |pΛ 12U i ¨∇Θi`1,Λ 32Θi`1q| ` |pU i ¨ Λ 12∇Θi`1,Λ 32Θi`1q|
` Cκ´1}Λ 12 f}22 `
κ
4
}Λ 32Θi`1}22
ď Cκ´1}Λ 12U i ¨∇Θi`1}22 ` }U i}8}Λ
3
2Θi`1}22
` Cκ´1}Λ 12 f}22 `
κ
2
}Λ 32Θi`1}22.
By Lemma 2.2 and the boundedness of Riesz Transform it follows
}Λ 12U i ¨∇Θi`1}22 ď C}Λ
1
2U i}24}∇Θi`1}24
ď C}ΛΘi}22}Λ
3
2Θi`1}22.
Combining (3.23) and the last two inequalities yields
}Λ 32Θi`1}22 ď Cκ´2}Λ
1
2 f}22 ` Cκ´2}ΛΘi}22}Λ
3
2Θi`1}22
` Cκ´1}Λ 32Θi} 232 }Θi}
1
3
2 }Λ
3
2Θi`1}22
ď Cκ´2}Λ 12 f}22 ` C
´
κ´4}f}2X ` κ´
5
3M
1
3 }f} 23X
¯
}Λ 32Θi`1}22.
Thus if we choose Cpκ,Mq such that }f}X ď Cpκ,Mq and
C
´
κ´4}f}2X ` κ´
5
3M
1
3 }f} 23X
¯
ď 1{2
then
}Λ 32Θi`1}22 ď Cκ´2}f}2X .
l
We are now ready to prove the first main theorem.
Proof of Theorem 1.3: Choose Θ0 P H3{2 such that }Θ0}2 ďM and }ΛγΘ0}2 ď
κ´1}f}X with γ “ 12 , 1, 32 . By the boundedness of Riesz transform on Sobolev
spaces, we have U0 “ RKΘ0 P H3{2, }U0}2 ď M and }ΛγU0}2 ď κ´1}f}X with
γ “ 1
2
, 1, 3
2
.
Starting with U0, we solve (3.8) recursively by Lemma 3.1 and obtain a sequence 
Θi
(8
i“0
with U i “ RKΘi. It satisfies that }ΛγΘi}2 ď κ´1}f}X with γ “ 12 , 1, 32
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by Lemma 3.1 and Lemma 3.7, and }Θi}2 ď M uniformly by Lemma 3.6. In the
following we show that the sequence
 
Θi
(8
i“0
is Cauchy in 9H1{2 and it converges
to a limit function Θ.
Let Y i`1 “ Θi`1 ´Θi. Thus Y i`1 solves the equation
U i ¨∇Y i`1 `RKY i ¨∇Θi ` κΛY i`1 “ 0.
Since Y i`1 P H1{2, we can multiply the above equation by Y i`1, integrate by parts
and we have, by noticing that ∇ ¨ U i “ ∇ ¨ RKY i “ 0
κ}Λ 12Y i`1}22 “ ´p∇ ¨ pRKY iΘiq, Y i`1q
ď Cκ´1}Λ 12 pRKY iΘiq}22 `
κ
2
}Λ 12Y i`1}22.
Thus by the boundedness of Riesz transform, Gagliardo-Nirenberg inequalities and
Lemmas 3.6 and 3.7 we infer that
}Λ 12Y i`1}22 ď Cκ´2}Λ
1
2 pRKY iΘiq}22(3.24)
ď Cκ´2}Λ 12 pRKY iqΘi}22 ` Cκ´2}RKY iΛ
1
2Θi}22
ď Cκ´2}Λ 12Y i}22}Θi}28 ` Cκ´2}Y i}24}Λ
1
2Θi}24
ď Cκ´2}Λ 12Y i}22}Λ
3
2Θi} 432 }Θi}
2
3
2 ` Cκ´2}Λ
1
2Y i}22}ΛΘi}22
ď
´
Cκ´
10
3 }f} 43XM
2
3 ` Cκ´4}f}2X
¯
}Λ 12 Y i}22.
Applying the above estimate recursively we obtain
}Λ 12 Y i`1}22 ď
´
Cκ´
10
3 }f} 43XM
2
3 ` Cκ´4}f}2X
¯i
}Λ 12 Y 1}22
ď
´
Cκ´
10
3 }f} 43XM
2
3 ` Cκ´4}f}2X
¯i
κ´2}f}2X .
Therefore if we choose }f}X small such that
Cκ´
10
3 }f} 43XM
2
3 ` Cκ´4}f}2X ă 1
then Y i Ñ 0 in 9H 12 as iÑ 8. It implies the sequence  Θi( is Cauchy in 9H 12 and
hence has a limit Θ P 9H 12 . By Lemma 3.6 we know }Θ}2 ďM .
We briefly show that Θ is a solution to (1.2) in the following. We take iÑ8 in
(3.10). Since Θi Ñ Θ in 9H 12 , it follows immediately that
pΛ 12Θi`1,Λ 12φq Ñ pΛ 12Θ,Λ 12φq.
For the nonlinear term, we have
pU i ¨∇Θi`1, φq ´ pU ¨∇Θ, φq
“ ppU i ´ Uq ¨∇Θi`1, φq ´ pU ¨∇pΘi`1 ´Θq, φq
“ ´ppU i ´ UqΘi`1,∇φq ` pUpΘi`1 ´Θq,∇φq.
By the boundedness of Riesz transform and Lemma 2.2, it follows
|ppU i ´ UqΘi`1,∇φq| ď }U i ´ U}4}Θi`1}4}∇φ}2
ď }Λ 12 pΘi ´Θq}2}Λ 12Θi`1}2}∇φ}2.
Since }Λ 12Θi}2 ď Cκ´1}f}X uniformly and }∇φ}2 is bounded, we have
ppU i ´ UqΘi`1,∇φq Ñ 0 as iÑ8.
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Similarly, we can show pUpΘi`1 ´Θq,∇φq Ñ 0 as iÑ8.
In the end we show that Θ is the unique solution of (1.2) among all the solutions
satisfying
(3.25) }Θ}2 ďM, }Λ 12Θ}2 ď Cκ´1}f}X .
Let Θ˜ be another solution satisfying (3.25). The difference Y “ Θ ´ Θ˜ solves the
equation
(3.26) U ¨∇Y `RKY ¨∇Θ˜` κΛY “ 0
with U “ RKY . Since Θ and Θ˜ are bounded in L2 and 9H 12 , we multiply (3.26) by
Y to obtain that, by applying the procedure to derive (3.24)
}Λ 12 Y }22 ď
´
Cκ´
10
3 }f} 43XM
2
3 ` Cκ´4}f}2X
¯
}Λ 12Y }22.
By the assumption on f we know
´
Cκ´
10
3 }f} 43XM
2
3 ` Cκ´4}f}2X
¯
ă 1, which im-
plies the solution is unique. It completes the proof of Theorem 1.3.
4. Stability of Solutions
In this section we investigate the stability of the steady state solutions Θ obtained
in Theorem 1.3. Specifically, we study the Quasi-Geostrophic equation (1.1) with
the initial data θ0 “ Θ ` w0, where w0 is considered as a perturbation. It will
be established that the solutions of (1.1) approach Θ as t Ñ 8 provided w0 P L2.
Namely, we shall prove Theorem 1.4.
Let w “ θ ´Θ. By (1.1) and (1.2) w solves the equation
(4.27)
#
wt `RKθ ¨∇w ` κΛw `RKw ¨∇Θ “ 0,
wp0q “ w0.
A weak solution to (4.27) is a function w P Cwpr0, T s;L2pR2qq satisfying that ,
for any φ P C80 pR2 ˆ p0, T qq,
´
ż T
0
pw, φtq dt` κ
ż T
0
pΛ 12w,Λ 12φq dt´
ż T
0
pRKθw,∇φq dt `
ż T
0
pRKw ¨∇Θ, φq dt
“ pw0, φpx, 0qq `
ż T
0
pf, φq dt.
We state the existence of solutions to (1.2) and (4.27) as follows.
Lemma 4.1. Let θ0 “ Θ`w0 with w0 P L2pR2q. Assume f P Lp for some p ą 2α .
There exists a viscosity solution θ to (1.1) which satisfies, for any T ą 0,
θ P L8p0, T ;L2q X L2p0, T ; 9H 12 q.
Moreover, θ is bounded in L8p0, T ;L8pR2qq, that is,
θ P L8p0, T ;L8pR2qq.
Proof: Since Θ P L2pR2q by Theorem 1.3, it follows θ0 P L2pR2q. The existence
of viscosity solutions can be obtained by stand arguments (see [12]). The bounded-
ness of θ in L8 on torus T2 is obtained in [5, 4] (Lemma 2.3). An analogous proof
will give the boundedness on R2 (see [3]).
l
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Lemma 4.2. Let Θ P H1pR2q. There exists a constant Cpκq such that if }Θ}H1 ď
Cpκq, the equation (4.27) has a unique weak solution w satisfying the energy in-
equality
(4.28) sup
tą0
ˆ
}wptq}22 ` κ
ż t
0
}Λ 12wpsq}22ds
˙
ď }w0}22.
Proof: The existence can be obtained by the Galerkin approximating method,
and the uniqueness follows from the linearity of the equation. To prove the energy
inequality (4.28), formally, we multiply (4.27) by w and use integration by parts to
infer that
1
2
d
dt
ż
R2
|w|2dx` κ
ż
R2
|Λ 12w|2dx “ ´
ż
R2
RKw ¨∇Θwdx.
The right hand side can be estimated asˇˇˇˇż
R2
RKw ¨∇Θwdx
ˇˇˇˇ
ď C}RKw}4}w}4}∇Θ}2
ď C}w}24}∇Θ}2 ď C}Λ
1
2w}22}∇Θ}2.
Thus if Θ P H1 is small such that C}∇Θ}2 ă κ{2, we have
d
dt
ż
R2
|w|2dx` κ
ż
R2
|Λ 12w|2dx ď 0
which implies (4.28) by taking integration over the time interval p0, tq and taking
the limit tÑ8.
l
4.1. Proof of Theorem 1.4. We start with two generalized energy inequalities
for the low and high frequency parts of w, respectively.
Lemma 4.3. Let φ “ e´|ξ|2 , ψ “ 1 ´ e´|ξ|2 , and function Eptq P C1pr0,8q;L8q.
Assume }Θ}H1 ď Cpκq. Then the solution w to (4.27) satisfies the following gen-
eralized energy inequalities,
}qφ ˚ wptq}22 ď}e´κpt´sqΛqφ ˚ wpsq}22
` 2
ż t
s
ˇˇˇ
pRKθ ¨∇w, e´2κpτ´sqΛqφ ˚ qφ ˚ wpsqqˇˇˇ dτ
` 2
ż t
s
ˇˇˇ
pRKw ¨∇Θ, e´2κpτ´sqΛqφ ˚ qφ ˚ wpsqqˇˇˇ dτ,
(4.29)
Eptq}ψ pwptq}22 ďEpsq}ψ pwpsq}22 ´ 2κ ż t
s
Epτq
›››|ξ| 12ψ pwpτq›››2
2
dτ
`
ż t
s
E1pτq }ψ pwpτq}22 dτ ` 2 ż t
s
Epτq
ˇˇˇ´ {RKw ¨∇Θ, ψ2 pw¯ˇˇˇ dτ
´ 2
ż t
s
Epτq
ˇˇˇ´ {RKθ ¨∇w, p1´ ψ2q pw¯ˇˇˇ dτ.
(4.30)
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Proof: We only show the a priori estimates. Multiplying (4.27) by e´2κpt´sqΛqφ˚qφ ˚wpsq and integrating over the whole spaceż
R2
wte
´2κpt´sqΛqφ ˚ qφ ˚ wpsq dx ` κ ż
R2
Λwe´2κpt´sqΛqφ ˚ qφ ˚ wpsq dx`ż
R2
RKθ ¨∇we´2κpt´sqΛqφ ˚ qφ ˚ wpsq dx ` ż
R2
RKw ¨∇Θe´2κpt´sqΛqφ ˚ qφ ˚ wpsq dx “ 0
The first two integrals can be written as
1
2
d
dt
ż
R2
ˇˇˇ
e´κpt´sqΛqφ ˚wpsqˇˇˇ2 dx´ ż
R2
e´κpt´sqΛqφ ˚ wpsqBt ´e´κpt´sqΛqφ¯ ˚ w dx
`κ
ż
R2
e´κpt´sqΛqφ ˚ wpsqΛ´e´κpt´sqΛqφ¯ ˚ w dx
“ 1
2
d
dt
ż
R2
ˇˇˇ
e´κpt´sqΛqφ ˚ wpsqˇˇˇ2 dx.
Thus inequality (4.29) follows from the above equation by integrating over the time
interval rs, ts.
Taking Fourier Transform of (4.27), multiplying it by ψ2 pwEptq, and integrating
over R2 yields
1
2
d
dt
ż
R2
Eptq |ψ pw|2 dξ ´ 1
2
ż
R2
E1ptq |ψ pw|2 dξ ` κEptq ż
R2
|ξ| |ψ pw|2 dξ
`Eptq
ż
R2
{RKθ ¨∇wψ2 pw dξ ` Eptq ż
R2
{RKw ¨∇Θψ2 pw dξ “ 0
The inequality (4.30) follows from the fact
´ {RKθ ¨∇w, pw¯ “ 0 and integrating the
above equation on time interval rs, ts.
l
We use (4.29) and (4.30) to prove the low frequency and high frequency parts
of w converge to 0 in L2 respectively. The integrals on the right hand side of
(4.29)-(4.30) will be estimated in the following.
Recall that θ is bounded in L8pp0, T qˆR2q, and }∇Θ}2 (hence }Θ}8) is bounded.
Thus w “ θ ´ Θ is bounded in L8pp0, T q ˆ R2q. Applying integration by parts,
Ho¨lder’s inequality and Gagliardo-Nirenberg inequality, we haveˇˇˇ
pRKθ ¨∇w, e´2κpτ´sqΛqφ ˚ qφ ˚ wpsqqˇˇˇ
“
ˇˇˇ´qφ ˚ qφ ˚ Λ´ 12 `RKθ ¨∇w˘ , e´2κpτ´sqΛΛ 12wpsq¯ˇˇˇ
ď
›››qφ ˚ qφ ˚ Λ´ 12 `RKθ ¨∇w˘›››
2
›››e´2κpτ´sqΛΛ 12wpsq›››
2
ď
›››qφ ˚ qφ ˚ Λ´ 12 `RKθ ¨∇w˘›››
2
›››Λ 12w›››
2
ď
›››Λ 12 `RKθ˘›››
2
}w}8
›››Λ 12w›››
2
`
›››qφ ˚ qφ ˚RKθ›››
8
›››Λ 12w›››
2
›››Λ 12w›››
2
ďC
›››Λ 12w›››2
2
,
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where we used the fact that, on the low frequency part, qφ ˚ qφ ˚ RKθ is bounded in
L8pp0, T q ˆ R2q. Similarly, we have
ˇˇˇ
pRKw ¨∇Θ, e´2κpτ´sqΛqφ ˚ qφ ˚ wpsqqˇˇˇ
“
ˇˇˇ
pqφ ˚ qφ ˚ Λ´ 12divpRKwΘq, e´2κpτ´sqΛΛ 12wpsqqˇˇˇ
ď
›››Λ´ 12 divpRKwΘq›››
2
›››Λ 12w›››
2
ď
›››Λ 12 pRKwqΘ›››
2
›››Λ 12w›››
2
`
›››RKwΛ 12Θ›››
2
›››Λ 12w›››
2
ď
›››Λ 12 pRKwq›››
2
}Θ}8
›››Λ 12w›››
2
` ››RKw››
4
›››Λ 12Θ›››
4
›››Λ 12w›››
2
ďp}Θ}8 ` }∇Θ}2q
›››Λ 12w›››2
2
.
Therefore, it follows that
lim sup
tÑ8
›››qφ ˚ wptq›››2
2
ďp}Θ}8 ` }∇Θ}2 ` Cq
ż 8
s
›››Λ 12w›››2
2
dτ
` lim sup
tÑ8
›››e´κpt´sqΛqφ ˚ wpsq›››2
2
,
while it is known that lim suptÑ8
›››e´κpt´sqΛqφ ˚ wpsq›››2
2
“ 0 since heat energy ap-
proaches 0 as t Ñ 8. By the energy inequality (4.28), the right hand side of the
above inequality tends to 0 as sÑ8. Hence
lim
tÑ8
}φ pwptq}22 “ limtÑ8 ›››qφ ˚ wptq›››22 “ 0.
Next we estimate the contribution from the high frequency part. By the Ho¨lder’s
inequality and Young’s inequality, we have
ˇˇˇ´ {RKw ¨∇Θ, ψ2 pw¯ˇˇˇ “ ˇˇˇψ2 ´ {Λ´1{2∇ ¨ pRKwΘq, ξ1{2 pw¯ˇˇˇ
ď
››› {Λ´1{2∇ ¨ pRKwΘq›››
2
›››|ξ|1{2 pw›››
2
ď
›››Λ 12RKw›››
2
}Θ}8
›››Λ 12w›››
2
` ››RKw››
4
›››Λ 12Θ›››
4
›››Λ 12w›››
2
ďp}Θ}8 ` }∇Θ}2q
›››Λ 12w›››2
2
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ˇˇˇ´ {RKθ ¨∇w, p1 ´ ψ2q pw¯ˇˇˇ “ ˇˇˇ´p1´ ψ2qFpΛ´1{2∇ ¨ pRKθwqq, ξ1{2 pw¯ˇˇˇ
ď
›››p1´ ψ2qFpΛ´1{2∇ ¨ pRKθwqq›››
2
›››|ξ|1{2 pw›››
2
ď
›››p1´ ψ2qFpΛ1{2pRKwqwq›››
2
›››|ξ|1{2 pw›››
2
`
›››p1´ ψ2qFpΛ1{2pRKΘqwq›››
2
›››|ξ|1{2 pw›››
2
`
›››p1´ ψ2qFpRKθΛ1{2wq›››
2
›››|ξ|1{2 pw›››
2
ď}w}8
›››Λ 12w›››2
2
`
›››Λ 12RKΘ›››
4
}w}4
›››Λ 12w›››
2
` C
›››Λ 12w›››2
2
ďp}∇Θ}2 ` Cq
›››Λ 12w›››2
2
where we used the fact that, the low frequency part (associated with the factor
1´ψ2) of RKθ is bounded in L8pp0, T qˆR2q, since θ is bounded in L8pp0, T qˆR2q.
Therefore, it follows from (4.30) that
}ψ pwptq}22 ďEpsqEptq }ψ pwpsq}22 ´ 2κ
ż t
s
Epτq
Eptq
›››|ξ| 12ψ pwpτq›››2
2
dτ `
ż t
s
E1pτq
Eptq }ψ pwpτq}22 dτ
` p}Θ}8 ` }∇Θ}2 ` Cq
ż t
s
Epτq
Eptq
›››Λ 12wpτq›››2
2
dτ.
(4.31)
Let Bpρq be a ball with center at origin and time dependent radius ρptq which will
be determined later. Splitting the second and third terms in (4.31) onto Bpρq and
Bpρqc yields
´ 2κ
ż t
s
Epτq
Eptq
›››|ξ| 12ψ pwpτq›››2
2
dτ `
ż t
s
E1pτq
Eptq }ψ pwpτq}22 dτ
“´ 2κ
ż t
s
Epτq
Eptq
ż
Bpρq
|ξ| |ψ pwpτq|2 dξ dτ ´ 2κ ż t
s
Epτq
Eptq
ż
Bpρqc
|ξ| |ψ pwpτq|2 dξ dτ
`
ż t
s
E1pτq
Eptq
ż
Bpρq
|ψ pwpτq|2 dξ dτ ` ż t
s
E1pτq
Eptq
ż
Bpρqc
|ψ pwpτq|2 dξ dτ
ď
ż t
s
E1pτq ´ 2κEpτqρpτq
Eptq
ż
Bpρqc
|ψ pwpτq|2 dξ dτ ` ż t
s
E1pτq
Eptq
ż
Bpρq
|ψ pwpτq|2 dξ dτ.
Choose Eptq “ p1` tqγ and ρptq “ γ
2κp1`tq with a certain large number γ such that
E1pτq ´ 2κEpτqρpτq “ 0.
Thus, it follows from (4.31)
}ψ pwptq}22 ďp1` sqγp1` tqγ }ψ pwpsq}22 `
ż t
s
γp1` τqγ´1
p1 ` tqγ
ż
Bpρq
|ψ pwpτq|2 dξ dτ
` p}Θ}8 ` }∇Θ}2 ` Cq
ż t
s
›››Λ 12wpτq›››2
2
dτ.
(4.32)
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Note ψpξq ď |ξ|2 for |ξ| ď 1. So for large timeż
Bpρq
|ψ pwpτq|2 dξ ď ż
Bpρq
|ξ|4 | pwpτq|2 dξ ď Cp1` τq´4}wpτq}22,
hence, for large sż t
s
γp1` τqγ
p1` tqγ
ż
Bpρq
|ψ pwpτq|2 dξ dτ ď Cp1` tq´4 sup
τě0
}wpτq}22
which tends to 0 as tÑ8. Fix s first, then
p1` sqγ
p1` tqγ }ψ pwpsq}22 Ñ 0, as tÑ8
since ψ is bounded and w P L8pL2q. Therefore, (4.32) implies
lim sup
tÑ8
}ψ pwptq}22 ď p}Θ}8 ` }∇Θ}2 ` Cq ż 8
s
›››Λ 12wpτq›››2
2
dτ
for arbitrary s. Taking sÑ8 yields
lim
tÑ8
}ψ pwptq}22 “ 0.
In the end, we conclude that
lim
tÑ8
}wptq}2 ď lim
tÑ8
}φ pwptq}2 ` limtÑ8 }ψ pwptq}2 “ 0
which completes the proof of Theorem 1.4.
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